Received: September 24, 1999, Accepted: November 1, 1999

HYPER VERSION

Currents and moduli in the (4, 0) theory

Finn Larsen and Emil Martinec

Enrico Fermi Inst. and Dept. of Physics University of Chicago 5640 S. Ellis Ave., Chicago, IL 60637, USA E-mail: flarsen@theory.uchicago.edu, ejm@theory.uchicago.edu

Abstract: We consider black strings in five dimensions and their description as a (4, 0) CFT. The CFT moduli space is described explicitly, including its subtle global structure. BPS conditions and global symmetries determine the spectrum of charged excitations, leading to an entropy formula for near-extreme black holes in four dimensions with arbitrary charge vector. In the BPS limit, this formula reduces to the quartic E_{7(7)} invariant. The prospects for a description of the (4, 0) theory as a solvable CFT are explored.

Keywords: String Duality, Black Holes in String Theory, Supersymmetry and Duality.

Contents

1. Introduction and summary 1

2. The scaling limit 4

3. The background 5 3.1 The canonical backgrounds 5 3.2 More general backgrounds 6 3.3 The mass of the background 7 3.4 Fixed scalars 9 3.5 Instability under fragmentation 12 3.6 The global structure of moduli space 12

4. The charged excitations 15 4.1 Introduction to the spectrum of charges 15 4.2 Currents and lattices 17 4.3 Black hole entropy 19 4.4 Parity-odd moduli 21 4.5 General moduli and the charged excitations 21

5. Is there an exactly solvable CFT in the moduli space? 23

A. Derivation of a BPS mass formula 28

1. Introduction and summary

The description of black holes as states in certain unitary conformal field theories remains one of the highlights of recent progress in string theory (for reviews see e.g. [1, 2, 3]). The canonical setting for the discussion is the 1+1 dimensional theory obtained from bound states of D1-branes and D5-branes, with the D5 dimensions transverse to the D1 wrapped on a small four-manifold T^4 or K3 [4]. This theory has N = (4, 4) supersymmetry and describes black strings in six dimensions; which compactify to black holes in five dimensions. It is clearly of interest to understand a broader class of theories which are similarly relevant for black holes. The next simplest example is a conformal field theory with N = (4, 0) supersymmetry that describes black strings in five dimensions, or black holes in four dimensions. This theory is the subject of the present investigation, which may be considered a sequel to our previous work on the D1-D5 system [5]; however, we will see that the (4, 0) theory involves several interesting complications not present in the (4, 4) case.

In the AdS/CFT correspondence [6] the (4, 4) theory is interpreted as string theory on AdS_3 × S^3 × M [7, 8, 9], where M = T^4 or M = K3. The corresponding interpretation of the (4, 0) theory involves string theory on the orbifold AdS_3 × S^3/Z_N × M [10]; or M-theory on AdS_3 × S^2 × X [11], where X is some Calabi-Yau three-fold, for which we exclusively take X = T^6. The geometries underlying the (4, 4) and (4, 0) theories are therefore quite similar; however, the (4, 0) theory is more challenging. First of all, the supersymmetry is reduced; so many properties of the theory are no longer constrained by general principles. More profoundly, the electric/magnetic duality, special to four dimensions, gives rise to new structures that require special considerations. These interesting structures represent novel elements that have not previously been analyzed in detail.

There are several specific brane configurations that serve as explicit examples of backgrounds, analogous to D1/D5 for the (4, 4) theory. One has three M5-branes intersecting over a common line [12, 13]; another is a type IIB configuration with a fundamental string, a NS5-brane, and a KK-monopole [14, 15]. These backgrounds are introduced in the beginning of section 3 along with more general families, depending on up to 9 background charges. We use all of these examples repeatedly throughout the paper.

The maximally supersymmetric vacuum in five dimensions depends on 42 moduli, parametrizing the coset E_{6(6)}/ USp(8) [16]. The backgrounds we consider break some of the supersymmetry, as discussed above, and also restrict the moduli space by fixing the values of some of the moduli in terms of the background charge vector. In section 3.4 we discuss this mechanism in detail, giving the fixed values of the moduli explicitly, and enumerating the moduli that remain undetermined. There are 28 such “free” moduli, parametrizing the coset F_{4(4)}/ SU(2) × USp(6) [17, 18, 10].

This discussion determines the local geometry of the moduli space of the CFTs, but the global structure requires more care [19, 5]. In the (4, 4) theory the essential subtlety is captured by a subspace of moduli space which is locally isomorphic to the coset SL(2, R)/ U(1), which can be parametrized by the complex IIB string coupling. In this subspace the global identifications are described by the group Γ_0(N = q_1q_5), acting on the moduli space from the left [5]. These identifications form a genuine subgroup of the SL(2, Z) identifications under IIB S-duality. In section 3.6, we develop the corresponding description for the (4, 0) theory. We find that the essential structure of moduli space is captured by the five dimensional coset SL(3, R)/ SO(3). Again, the global identifications are a genuine subgroup of the naïve expectation

SL(3, Z). Other features of the moduli space are also described explicitly in terms of the SL(3, R)/ SO(3) subspace of moduli space.

A key feature of our discussion is the scaling limit introduced in section 2. In this limit the (4, 0) theory decouples from the ambient environment [20]. An important distinction arises between the branes that are interpreted as sources of the background, and those that are charged excitations. The spectrum of the charged excitations is one of our main interests; it is the topic of section 4. We find a total of 27 charges. A part of their spectrum is similar to that of perturbative winding/momentum charges on three independent four-tori; altogether this sector describes 24 charges. The remaining 3 charges are the “electric” duals of the three “magnetically charged” branes that are the sources of the background. These 3 charges are special to the (4, 0) theory, and their spectrum is more complicated. We find their conformal weights using a combination of BPS algebra and global symmetries. The results are then used in section 4.3 to compute the entropy of a large class of near-extremal black holes, depending on an arbitrary charge vector in addition to independent mass and angular momentum parameters. The corresponding classical black holes have not yet been constructed in general, and their area is not known. However, our formula for the entropy reduces in the BPS-limit to the quartic invariant of E_{7(7)}, as it should. This result provides a fairly intricate test of our microscopic description.

One of the goals of the present investigation is to learn more about the full CFT underlying the system. It is known that the (4, 4) theory is described in a region of moduli space by a solvable CFT, namely a sigma-model with a symmetric product orbifold as target space [4]. The (4, 0) theory is understood in significantly less detail. For example, it is not known whether there is an underlying solvable CFT and, if so, in what region of moduli space it would be applicable. In the BPS limit many properties are constrained from general principles and a formula has been proposed for the spectrum [21]; however, many features remain mysterious. We find several new facts about the theory which may be helpful in identifying a solvable limit. In section 5 we explore the possibility of a description in terms of a relatively modest variation on the symmetric product idea. Our results are consistent with this working assumption; however, we have not succeeded in determining the precise theory.

The paper is organized as follows. In section 2 we describe the scaling limit defining a theory decoupled from gravity. This leads to the fundamental distinction between branes that are considered part of the background, and those that are excitations. The following sections 3 and 4 describe properties of the background and the excitations, respectively. Each of these sections has a fairly large number of subsections, focussing on specific features. In section 5, we discuss our attempts towards a description of the (4, 0) theory as a solvable CFT. Finally, appendix A contains the computation of the basic spectrum of excitations.

2. The scaling limit

We consider four dimensional vacua with maximal supersymmetry; in other words Mtheory on T^7. This theory has 56 U(1) charges: 21 from wrapped M5-branes, 21 from wrapped M2-branes, 7 KK-momenta, and 7 KK-monopoles. The M2/M5 branes and the KK-momenta/KK-monopoles form dual pairs under electric/magnetic duality in four dimensions.

We are interested in a scaling limit where a theory without gravity decouples form the bulk. The limit is most conveniently introduced on a rectangular torus where it can be defined as [22]:

l_p → 0 , with R_1, . . . , R_6 ∼ l_p , R_7 ∼ 1 . (2.1)

The undemocratic treatment of the toroidal radii introduces a hierarchy among the U(1) charges which is of central importance for our considerations. This is seen by inspecting the masses of isolated objects that carry each of the 56 U(1) charges:^1

M_{M5} = Q_{ij} = 1 5! ϵ_{ijklmno} R^kR^lR^mR^nR^o l^6_p

, (2.2)

M_{M2} = Z^{ij} = R^iR^j l^3_p

, (2.3)

M_{KK} = P^i = 1 R_i , (2.4)

M_{KKM} = P̃_i =

R_iR_1R_2 · · · R_7 l^9_p

. (2.5)

In the scaling limit the most massive excitations have mass of order l^{−3}_p ; they are the KK monopoles with KK direction along the large dimension R_7. The M2- and M5-branes wrapping R_7, and the KK-monopole not wrapping R_7 have masses of order l^{−2}_p ; there are 6 + 15 + 6 = 27 such excitations. The M2-branes and M5- branes not wrapping R_7 and the KK momentum along any direction except R_7 have masses of order l^{−1}_p ; there are also 6 + 15 + 6 = 27 of these — as there must be, by electric/magnetic duality. Finally, the KK momentum along R_7 has finite mass.

It is sometimes useful to consider the effective five-dimensional theory which corresponds to avoiding compactification along the “large” dimension R_7 altogether. In this theory the superheavy KK monopoles (with M ∼ l^{−3}_p ) do not exist; this is one of the reasons that we do not consider these objects in this work. The excitations with mass of order l^{−2}_p , l^{−1}_p , and l^0_p correspond to strings, particles, and waves in the effective five-dimensional theory. They transform under the five-dimensional duality group E_{6(6)} as 27, 27, and 1. The reason that the hierarchy is fundamental for our considerations is that the objects enter very differently in the microscopic description: the excitations with mass of order l^{−2}_p , l^{−1}_p , and l^0_p are interpreted as background

1The precise definitions of the units are l_p = g^{1/3}l_s where l_s = √ α^′.

fields, charged excitations in the background theory, and neutral chiral excitations. Section 3 is devoted to a discussion of the background, and section 4 considers the remaining U(1) charges, as excitations of the theory governing the background.

The discussion above was for rectangular tori. A more general set of moduli can be restored without further complications, as long as the effective five-dimensional nature of the configuration is respected. This allows for 21 components of a general metric G_{ij} (i, j, . . . = 1, . . . 6), 20 components of the three-form field C_{ijk} (i, j, . . . = 1, . . . 6), and the pseudo-scalar E_{123456}. (E_{IJKLMN} is obtained as the potential dual of the 3-form field C_{JKL}.) These 42 scalars parametrize the coset space E_{6(6)}/ USp(8), as expected in a maximally supersymmetric vacuum in five dimensions.

3. The background

The background is chosen such that it preserves precisely 1/8 of SUSY. This condition ensures that the effective theory after decoupling is a conformal field theory (CFT) in 1 + 1 dimensions, and also that excitations of the background correspond at strong coupling to regular black holes in 3 + 1 dimensions. Duality of supergravity ensures that all backgrounds preserving 1/8 SUSY are classically equivalent; in fact, they all correspond to the near-horizon geometry AdS_3 × S^2 × T^6. That this classical symmetry generalizes to the full quantum description is part of the conjecture embodied in M-theory.

3.1 The canonical backgrounds

In explicit computations it is useful to choose Brane 1 2 3 4 5 6 7 M5 • • • • – – • M5 – – • • • • • M5 • • – – • • • a specific background. One example is three M5- branes that intersect over a string, with the string aligned along the “large” dimension (of length R_7) [12, 13] (see the table here on the right).

An advantage of this representation is that it exhibits many symmetries of the situation explicitly. For example, a triality of the three background objects is immediately apparent. This background will be our main example.

Another example is a type IIB string configu- Brane 1 2 3 4 5 6 KKM • • • • × • NS5 • • • • – • F 1 – – – – – • ration with a KK-monopole, an NS5 brane, and a perturbative string F 1. It is [14, 15] given in the table on the right, where the × denotes the Taub- NUT direction of the KK-monopole. An advantage of this representation is its close relation to the D1/D5 system. (The F 1/NS5 in the background becomes D1/D5 after type IIB S-duality.) Moreover, it is purely NS; so one may consider worldsheet string theory in this background [10]. Note that in the type IIB representation it is R_6 which is “large”.

The two examples given above are related by the duality chain: M^{6−7 flip}−→ M^{Mred on 7}−→ IIA^{T125}−→ IIB^S−→ IIB . (3.1) Results obtained in one representation can be translated to the other using this sequence of transformations.

3.2 More general backgrounds It is often important to consider more general backgrounds. The most general case with all 27 background branes turned on is unfortunately quite complicated. In this section we introduce an intermediate situation where one can turn on 9 different background branes, while still keeping things explicit. The construction will be exploited repeatedly in the sequel.

The idea is that E_{6(6)} has a maximal subgroup SL(3)×SL(3)×SL(3), with the 27 decomposing as (3, 3, 1) + (1, 3, 3) + (3, 1, 3). These three sets of background charges can be thought of as matrices:

Q_o = z_{17} z_{37} z_{57} q_{35} q_{15} q_{13} p̃_1 p̃_3 p̃_5

, (3.2)

Q_e = z_{27} z_{47} z_{67} q_{46} q_{26} q_{24} p̃_2 p̃_4 p̃_6

, (3.3)

as well as:

Q_5 = q_{12} q_{32} q_{52} q_{14} q_{34} q_{54} q_{16} q_{36} q_{56}

. (3.4)

In these formulae the z_{ij} are the integer number of M2-branes wrapping the corresponding cycles; the p̃_i are KK-monopoles wrapping the compact space, with i the monopole circle; and the q_{ij} are M5-branes with the indices reffering to the dual cycle on the T^7. The E_6 cubic invariant specializes to the sum of the determinants of these three matrices.

The charge matrices (3.2)–(3.4) are related by discrete symmetries. First, the exchange of even and odd subspaces interchanges Q_o and Q_e; and takes Q_5 −→ Q^t_5. Next, the sequence of dualities:

M^{Mred on 6}

−→ IIA^{T1345}−→ IIA^{Mlift on 6}−→ M , (3.5)

interchanges Q_o and Q_5; and takes Q_e → ΓQ^t_eΓ, where: Γ = 1 1 1 . (3.6)

Taken together, these tranformations generate a triality map between any two sets of nine charges above.

Under the decomposition E_{6(6)} → SL(3)^3, the maximal compact subgroup decomposes as USp(8) → SO(3)^3. A conveniently described subspace of moduli space is therefore [SL(3)/ SO(3)]^3. In the present construction we focus on these 15 moduli, and turn the remaining ones off. This restriction is such that explicit computations remain possible, with results that are representative of the general case with 42 moduli.

Two of the three SL(3)/ SO(3) cosets are the unit volume metrics Ĝ_{2i,2j} and Ĝ_{2i−1,2j−1} on the three-subtori of even and odd cycles. These metrics are conveniently written using vielbeins as Ĝ = e^t · e, for which we choose an SL(3)/ SO(3) coset representative of the form e = A · N, where A is diagonal with unit determinant and N is upper triangular with unit diagonal. Henceforth we will drop the hats, remembering that the metrics are of unit normalization. The last SL(3)/ SO(3) subspace is parametrized by the volumes V_{135}, V_{246} and constant three-form fields C_{135}, C_{246} on the even and odd subtori, as well as the six-form modulus E_{123456}. The vielbein parametrization is also convenient for describing this part of the moduli space, for which we may write:

e_5 = (V_{246}/V_{135})^{1/6} ×

√_1

V_{135}V_{246} √ V_{135} V_{246} √ V_{135}V_{246}

1 C_{135} E^′_{123456} 1 C_{246} 1 , (3.7)

with the ‘metric’ G_5 = e^t_5 · e_5. We introduced E^′_{123456} = E_{123456} −^1_2 C_{135}C_{246}.

The discrete symmetries also act simply on the moduli. The exchange of odd and even cycles interchanges G_o and G_e; and transforms G_5 as G_5 → ΓG^{−1}_5 Γ. The sequence of dualities (3.5) inverts the odd metric G_o → G^{−1}_o and interchanges G_e and G_5 according to G_{e,5} → ΓG_{5,e}Γ.

3.3 The mass of the background The mass formula for a general background is some E_{6(6)} invariant combination of the charges which is necessarily quite complicated. However, in the various special cases considered in sections (3.1)–(3.2) the details can be carried out explicitly. The most general mass formula follows in principle, by acting on the charges and the moduli with dualities.

We first consider the canonical M5-brane background. On a rectangular torus the mass of is simply M = Q_{12} + Q_{34} + Q_{56}, the sum of the constituent masses; but in general the mass depends nontrivially on the moduli. In fact, it is a general phenomenon that, in the presence of any configuration of branes, the parity-odd moduli induce additional charges that are not naïvely present. For a general fourdimensional configuration this effect can be taken into account by the shifts [23]:

P̂_I = P_I + 1 2 C_{IJK} Z^{JK} + ( 1 4! C_{JKL}C_{MNI} + 1 5! E_{JKLMNI} ) Q^{JKLMN} ,

Ẑ^{IJ} = Z^{IJ} + 1 3! C_{KLM} Q^{IJKLM} + ( 1 4! C_{KLM} C_{NP Q} + 1 5! E_{KLMNP Q} ) P̃^K ϵ^{LMNP QIJ} , Q̂_{IJ} = Q_{IJ} + C_{IJK}P̃^K , ^̃P^I = P̃ I , (3.8)

where I, J, . . . = 1, . . . , 7, and we use the notation Q^{IJKLM} ≡^1_2 ϵ^{IJKLMNO}Q_{NO}. We are interested in the special case where the background is three intersecting M5- branes and, as explained in the end of section 2, the moduli are restricted so that the “large” dimension R_7 does not mix with the others. After these specializations the shifts in the charges simplify dramatically, especially because there are no KKmonopoles in the background. The only nontrivial induced charges are:

Ẑ^{i7} = 1 3! C_{jkl}Q^{ijkl7} . (3.9) The mass of the background M5-branes in a vacuum with general moduli can be derived by considering the effect of these induced charges, and further take a general off-diagonal metric into account. After computations similar to those given in appendix A we find:

M^2 = Q^2_{12} + Q^2_{34} + Q^2_{56} + ( ^⃗Z)^2 + 2X , (3.10)

where:

X^2 = Q^2_{56}(Q^2_{12} + (Ẑ_{57})^2 + (Ẑ_{67})^2) + Q^2_{12}(Q^2_{34} + (Ẑ_{17})^2 + (Ẑ_{27})^2) + +Q^2_{56}(Q^2_{34} + (Ẑ_{37})^2 + (Ẑ_{47})^2) + 2Q_{12}Q_{34}Q_{56}M . (3.11)

These expressions give a quartic equation for the mass which cannot in general be further simplified. As they stand, (3.10-3.11) presume diagonal metric on the compact torus; however, they can be covariantized to take off-diagonal metrics into account.

We can also construct the mass formula for the more general background discussed in section (3.2). In this case invariants under duality are constructed in matrix form, simply remembering which SL(3)^′s act on the left and right. For the background charges, we have for the half-BPS contribution to the mass squared:

M^2_0 = [ R_7(V_{135}V_{246})^{2/3}

l^6_p

]_2 ( tr [ Q_oG_oQ^t_oΓG^{−1}_5 Γ ] + + tr [ Q_eG_eQ^t_eG_5 ] + tr [ Q_5G^{−1}_o Q^t_5G^{−1}_e ]) , (3.12)

which gives the sum of squares of the background charges with their appropriate dependence on moduli. This expression is covariant under motions in moduli space. Also note that the three terms are permuted by interchange of odd and even cycles, and by the sequence of dualities (3.5).

3.4 Fixed scalars The background branes are situated in a vacuum described by 42 scalar moduli, parametrizing the coset E_{6(6)}/ USp(8). However, in the decoupling limit the value of some of these scalars are determined in terms of the background charges; these are the fixed scalars. The remaining moduli, which remain undetermined, will be referred to as free moduli.

The fixed scalars can be characterized in general using the N = 2 supersymmetry of the effective D = 5 theory [24, 25, 17]. The general rule is that the scalars in the hyper-multiplets remain free moduli in the near-horizon theory, while the scalars in the vector-multiplets acquire a mass and become fixed scalars. In the toroidal compactification considered here there are 14 vector-multiplets and 7 hypermultiplets. The vector-multiplets each have a single scalar and the hyper-multiplets each have four scalars; so this gives 14 fixed scalars and 28 free moduli. The free moduli parametrize the coset F_{4(4)}/ SU(2) × USp(6) [17, 18, 10].

The physical distinction between fixed scalars and free moduli is exhibited clearly by minimizing the mass of the background over the full moduli space. The scalars determined this way are the fixed scalars; those that remain arbitrary are the free moduli.

The M5 background. To see explicitly how this works, consider the M5-brane background. In the simple case of a rectangular torus with vanishing C-fields, the mass is: M = R_7 l^6_p

(V_{12}V_{34}q_{56} + V_{12}V_{56}q_{34} + V_{34}V_{56}q_{12}) (3.13) = R_7(V_{12}V_{34}V_{56})^{2/3} l^6_p (( V_{12}V_{34} V^2_{56} )_{1/3} q_{56} + ( V_{12}V_{56} V^2_{34} )_{1/3} q_{34} + ( V_{34}V_{56} V^2_{12} )_{1/3} q_{12} ) , where (2π)^2V_{ij} is the volume of the 2-torus spanning the (ij) cycle and, as before, and q_{ij} is the number of M5-branes wrapping the corresponding dual cycle. The coefficient of the second equation is invariant under the dualitites of the effective D = 5 theory, and so should not be varied. The expression in the large bracket depends only on the two independent ratios V_{12}/V_{34} and V_{34}/V_{56}. Minimizing over these gives: V_{12} V_{34} = q_{12} q_{34}

, (3.14)

V_{34} V_{56} = q_{34} q_{56}

. (3.15)

A more symmetric form of the conditions is obtained by noting that the product of the equations gives V_{12}/V_{56} = q_{12}/q_{56}. It is simple to verify these values for the fixed scalars by writing the explicit solutions using the harmonic function rule, and taking the near horizon limit.

We now summarize the results for more general moduli. First consider the metric, in the language of complex manifolds. The background M5-branes determine a holomorphic structure on the six-torus, pairing the indices (12), (34), and (56). The components of the Kähler metric G_{μν̄} are the scalars in vector-multiplets, and therefore fixed scalars. An exception is the overall volume V = detG_{μν̄} which is a free modulus. (It forms a hypermultiplet together with the free modulus E_{123456} and two components of the three-form field.) The complex structure G_{μν} + h.c. forms 3 hyper-multiplets which give 12 free moduli. Altogether the 21 metric components therefore give 8 fixed scalars and 13 free moduli.

Next, consider the three-form field. Expanding the mass determined through (3.10) for small Ẑ_i gives: δM = 1 4Q ^⃗Z^2 . (3.16)

This shows that the mass has a local minimum when the induced M2 brane charge Ẑ_i = 0. It is clear from (3.9) that there are only 6 linear combinations of C_{ijk} that induce non-trivial M2-brane charge; this gives 6 fixed scalar conditions, made explicit as follows. Divide the indices into three sets in accordance with the holomorphic structure, i.e. (12), (34), (56). There are 8 components of C_{ijk} that have one index in each set; all these are free moduli. The remaining 12 components each have two indices within one of the sets, and the remaining index in a different set, e.g. C_{125}. The 6 fields of this kind that are selfdual on the T^4 transverse to the unpaired index are fixed scalars, their anti-selfdual partners are free moduli. For example, C_{^1^25} +C_{^3^45} is a fixed scalar, but C_{^1^25} − C_{^3^45} is a free modulus.

In summary, the 14 fixed scalars are 8 components of the metric and 6 components of the three-form field; and the 28 free moduli are 13 components of the metric, 14 components of the three-form, and the 1 pseudoscalar E_{123456}.

Another way of stating the fixed scalar conditions is that the three physical charges are identical:

Q_{12} = Q_{34} = Q_{56} ≡ Q =

R_{11} l^6_P

V^{2/3} (q_{12}q_{34}q_{56})^{1/3} , (3.17)

where the volume V = V_{12}V_{34}V_{56}. The mass of the background at the fixed scalar point is M_{fix} = 3Q.

The type IIB background. The distinction between fixed scalars and free moduli is in some ways simpler in the type IIB F1/NS5/KK-monopole background, so we sketch the results in this case too. On a rectangular torus simple minimization, as above, gives two obvious fixed scalars:

r^2_5 = q_5 q_k , (3.18) v_4 g^2_s = q_1 q_5

, (3.19) where r_5 the radius of the KK-monopole direction in string units, v_4 is the volume of the internal T^4 also in string units, and g_s is the string coupling constant. These fixed scalar conditions agree with the result of simply reading off the near-horizon values of the explicit metric, written using the harmonic function rule.

More generally, consider the 26 NS scalars e^{Φ6} and G_{ij} + B_{ij} (with i, j = 1, . . . 5). Of these, 20 are free moduli, namely G_{ij} + B_{ij} with i = 1, . . . , 4 and j = 1, . . . , 5; these parametrize the coset SO(4, 5)/ SO(4) × SO(5). The remaining 6 NS-moduli are fixed scalars. On a rectangular torus this was shown explicitly for G_{55} and e^{Φ6} above, and for G_{i5} − B_{i5} in [10].

The 16 RR scalars can be represented as a formal sum of forms χ+C^{(2)} +A. The anti-selfdual part of this form are 8 fixed scalars, and the selfdual part gives 8 free moduli. In components, the fixed scalars are C^−_{ij} and χ − A_{1234} and C_{i5} −^1_{3!} ϵ_{ijkl}A^{jkl}_5 with i, j . . . = 1, . . . , 4; and the free RR-moduli are given by similar expressions, but with relative signs flipped.

Altogether there are 6 + 8 = 14 fixed scalars and 20 + 8 = 28 free moduli, as there should be.

More general backgrounds. As a final example of the determination of fixed scalars, we consider the more general backgrounds discussed in section (3.2). For a given choice of 9 charges there are two sets of moduli that are relevant; for example, for the pure M5 configurations represented by the matrix Q_5, both the odd and the even metric couple, for a total of 10 moduli; or for the backgrounds involving Q_o, one needs G_o and G_5.

The fixed scalars are determined by extremizing the mass formula for the background. In the present case there are no parity-odd moduli so the induced charges (3.9) vanish. The mass formula becomes:

M^2 = M^2_0 + 2X , (3.20)

where M^2_0 was given in (3.12) and:

X^2 = ( tr[Q_5G^{−1}_o Q^t_5G^{−1}_e ]

)_2

− tr[(Q_5G^{−1}_o Q^t_5G^{−1}_e )^2] + 2det(Q_5)M . (3.21)

The determinant of Q_5 does not depend on the moduli, and both M^2_0 and X^2 depend only on the combination Y = Q_5G^{−1}_o Q^t_5G^{−1}_e . The mass M therefore depends only on Y , as far as its dependence on moduli is concerned. Now, one can check that the trace of any power of the quantity tr[Y^n] is extremized by:

G_o = Q̂^t_5G^{−1}_e Q̂_5 , Q̂_5 =

Q_5 det[Q_5]^{1/3}

. (3.22)

It follows that, whatever the exact expression for the mass in terms of Y , its extremum is (3.22). This shows that, of the two SL(3)/ SO(3) cosets that are “active” in the 9 charge background, the fixed scalar equations determine one in terms of the other. In the subspace of moduli space considered here there are thus five free moduli, and we are able to find the relation to the other five active moduli explicitly.

3.5 Instability under fragmentation As discussed in section 3.3, the mass depends nonlinearly on the charges at generic points in moduli space. The background is only unstable under fragmentation when its mass is equal to the sum of its constituent masses so this effect is sufficient to stabilize the configuration. The surface of instability is therefore some lowerdimensional surface in moduli space [26].

The M5-background. To characterize this surface explicitly, consider (3.16) for the mass due to induced charges. In the ground state of the background the fixed scalar conditions tune these charges to zero, e.g. Ẑ^1 = C^{134}Q_{34} + C^{156}Q_{56} = 0. However, the ratio of charges Q_{34}/Q_{56} is generally different for each of the fragments in the final state, so the decay products are heavier than they would be for vanishing three-form field. This is the effect that stabilizes the background configuration at generic points in moduli space. In order for fragmentation to be allowed, there are 6 conditions of this sort on the three-form field, and 6 additional conditions that arise similarly from the fixed scalar equations for the off-diagonal metric. More precisely there are three hyper-multiplets (with four scalars apiece) that each protect against emission of two kinds of charges, but not the third. If any two of the hypermultiplets vanish the configuration is unstable. The surface of instability is therefore a codimension 8 subspace of moduli space.

It follows from this reasoning that the background is unstable everywhere in moduli space, when all the decay products have the same ratios of charges as the initial state. We avoid this degenerate possibility throughout this work, by assuming that the three background charges are mutually prime.

The type IIB background. It is simpler to characterize the surface of instability in the canonical type IIB configuration F1/NS5/KK-monopole. Here it is manifest that there is a linearly realized SO(5, 4) symmetry acting on the 20 free NS-moduli G_{ij} + B_{ij} (with i = 1, . . . , 5, j = 1, . . . , 4). These moduli do not affect the linear dependence of the mass formula on the charges, so turning on these moduli does not prevent fragmentation. The RR-moduli are quite different: they enter nonlinearly in the way discussed explicitly above for the canonical M5-brane configuration. One component of the co-dimension 8 surface of instability is therefore precisely the surface where the 8 free RR-moduli vanish. It is parametrized by the 20 free NS-moduli.

3.6 The global structure of moduli space The 28 free moduli parametrize a moduli space which is locally the non-compact coset F_{4(4)}/ SU(2) × USp(6) . The purpose of this subsection is to discuss the global structure of this space. Naively, one might expect to be able to quotient by F_{4(4)}(Z) but, as explained in [19, 5] for the D1-D5 case, this group is too large — it does not leave the set of background masses invariant.

An explicit prescription of the identifications for the D1-D5 system was given in [5]. There, the local structure of the moduli space is SO(5, 4)/ SO(5)×SO(4). It is sufficient to consider a representative SL(2, Z) × SL(2, Z) subgroup of the SO(5, 4, Z) duality group. Under this subgroup, a given pair of D1-D5 charges (q_1, q_5) can be mapped to a “canonical background” (N = q_1q_5, 1). The global identifications of the moduli space are those that preserve the charge vector of the canonical background. This subgroup of SO(5, 4; Z) is generated by a particular diagonal Γ_0(N) subgroup of SL(2, Z) × SL(2, Z), together with conjugations by elements of the T-duality group. The interesting part of the structure can be projected onto the SL(2, R)/ SO(2) subspace of the moduli space acted on by one of the SL(2, Z)’s; the fundamental domain projected onto this subspace is then Γ_0(N)\ SL(2, R)/ SO(2). The moduli space has a cusp for each factorization of N into one-brane and five-brane charges q_1, q_5 = N/q_1, where there is a weakly-coupled (large target space) sigma model description of the dynamics. The singular locus, where the D1-D5 bound state can fragment into its constituents, is a codimension four subspace of the moduli space where the sigma model description breaks down (even at large volume) due to singularities in its target space. Under the projection, the singular loci consist of geodesics running between conjugate cusps for D1-D5 charges (q, N/q) and (N/q, q).

One can employ the same strategy in the present context; now the SL(3, Z)^3 subgroup of E_{6(6)}(Z) duality is representative. Many features carry through. First of all, consider a fivebrane charge matrix (3.4):

Q_5 = q_{12} 0 0 0 q_{34} 0 0 0 q_{56}

. (3.23)

This can be mapped to a “canonical background” Q_5 = diag[N = q_{12}q_{34}q_{56}, 1, 1] via the SL(3, Z) × SL(3, Z) transformation Q_5 → g_LQ_5g^t_R, with:

g_L = a^′q_{34}q_{56} −ab^′q_{12}q_{56} bb^′q_{12}q_{34} c^′ ad^′q_{56} −bd^′q_{34} 0 c d ,

g_R = d^′q_{34}q_{56} −dc^′q_{12}q_{56} cc^′q_{12}q_{34} b^′ da^′q_{56} −ca^′q_{34} 0 b a , (3.24)

where the coefficients satisfy:

adq_{56} + bcq_{34} = a^′d^′q_{34}q_{56} + b^′c^′q_{12} = 1 . (3.25)

For the existence and uniqueness of this transformation for any (q_{12}, q_{34}, q_{56}) with q_{12}q_{34}q_{56} = N, we require that the prime decomposition of N contain any given prime no more than once. Without loss of generality, one can set e.g. a = b = a^′ = b^′ = 1. The canonical charge matrix is preserved by further transformations generated by a copy of Γ_0(N):

ĝ_L = α −βq_{12}q_{34}q_{56} 0 γ δ 0 0 0 1

, αδ + βγq_{12}q_{34}q_{56} = 1

ĝ_R = δ −γq_{12}q_{34}q_{56} 0 β α 0 0 0 1

, (3.26)

together with the SL(2, Z) that acts in the lower right corner. The fixed scalar conditions identify the moduli subspaces acted on by the left and right SL(3, Z) duality subgroups; the identifications of this five-dimensional space under the action of ĝ is representative of the global structure of the moduli space, just as in the D1-D5 case. The full residual duality group H_N ⊂ F_{4(4)}(Z) is generated (in the IIB frame where the background charges are purely NS) by the subgroup of SL(3, Z) analogous to the above, together with T-duality transformations SO(5, 4; Z).

The singular locus in this subspace are the diagonal matrices in SL(3, R)/ SO(3), since then there is no projection of any given fivebrane charge onto the worldvolume of another. From the A · N decomposition, one sees that this is a two-dimensional geodesic submanifold of the five-dimensional homogeneous space. There will be such a submanifold for any unordered triple of fivebrane charges (q_{12}, q_{34}, q_{56}), which gets mapped to a unique geodesic submanifold under the transformation (3.24) to the canonical background. The generic point on the boundary boundary of SL(3, R)/ SO(3) is reached when A = diag[λ_1, λ_2, λ_3] (with λ_1λ_2λ_3 = 1) has one of its eigenvalues degenerate, say λ_1 → ∞. Clearly this can happen to any one of the three λ_i, with the possibilities permuted by the action of the Weyl group in SL(3); this is why the singular loci correspond to unordered triples of constituent charges, since each of these degenerations belongs to the same geodesic submanifold but different orderings of the Q_i.

The singular loci corresponding to different unordered triples (q_{12}, q_{34}, q_{56}) do not intersect, by the same argument given in [5] for the D1-D5 system. Take the background charges to be those of F1/NS5/KK-monopoles in the type IIB description. In this case, the singular locus corresponds to vanishing of all RR moduli, and is left invariant only by T-duality transformations SO(5, 4; Z). Assume that there is a nontrivial intersection, in the canonical background, of the codimension eight singular subspaces corresponding to two different unordered triples of background charges. Pull a point on the intersection back to the original background by the maps specified by one of the two charge sets. The resulting point is parametrized only by NS moduli; but the charges (q_{12}, q_{34}, q_{56}) and (q^′_{12}, q^′_{34}, q^′_{56}) cannot be related by T-duality, so we conclude that the singular loci corresponding to different unordered triples of charges are disjoint.

4. The charged excitations

In any background preserving 1/8 of SUSY there is a rich variety of charged excitations, as discussed in section 2. The exploration of this spectrum is one way to learn about the structure of the theory governing the background.

4.1 Introduction to the spectrum of charges

One of the most basic properties of the charged excitations is their spectrum, i.e. the energy as a function of the charge vector. In this section we present heuristic arguments that motivate the spectrum in the case of a rectangular torus; a more precise computation is given in appendix A.

Consider the type IIB F1/NS5/KK-monopole background and include momentum along the fundamental string. The mass of this system is simply the sum of constituent masses:

M = Q_K + Q_5 + | ⃗Q_1 + ⃗P_{tot}| . (4.1)

In this formula we have exploited the rotational invariance of the NS5/KK-monopole world-volume to allow a general direction of the vector ⃗Q_1 + ⃗P_{tot}. In the scaling limit the component of this vector along the “large” dimension R_6 is dominant; it corresponds to the background fundamental string with charge Q_1, and a neutral chiral excitation. We denote the remaining four components ⃗W_{F 1} + ⃗P ; these correspond to charged excitations. After expansion, the energy of the charged excitations becomes: E = 1 2Q_1

( ⃗W_{F 1} + ⃗P )^2 . (4.2)

An important qualitative consequence of this result is that the charged excitations have finite energy in the environment created by the background, even though their masses in flat ambient space diverge in the scaling limit. It is shown in appendix A that the expression (4.2) remains valid for general orientations of the charge vectors ⃗W_{F 1}, ⃗P . The duality ST_{1234}S leaves the background invariant, except for the interchange of two charges Q_1 ↔ Q_5. Thus (4.2) implies that the theory has excitations with the spectrum: E = 1 2Q_5

( ⃗W_{D1} + ⃗W_{D3})^2 , (4.3)

where ⃗W_{D1} is the charge vector of D1-branes wrapping 1234; and the ⃗W_{D3} denote three-branes wrapped within 1234, with the vector index being the direction that is not wrapped. The further duality T_{15} similarly leads to the spectrum: E = 1 2Q_K ( ⃗W_D + ⃗W~_D)^2 , (4.4)

where the charge vectors are:

⃗W_D = (D1_5, D3_{125}, D3_{135}, D3_{145}) , ⃗W_{D̃} = (D5_{12345}, D3_{345}, D3_{245}, D3_{235}) . (4.5)

Recall from section 2 that the total number of U(1) charges is 27. The formulae above gives the energy of 24 of these. The remaining three charges are more complicated, because they are the electric-magnetic duals of the charges that appear in the background. The spectrum of these “special” charges:

E^{spec} = 1 2(Q_1 + Q_5 + Q_K )

(F_5 + P_5 + N_{12345})^2 , (4.6)

is derived in appendix A. It is also shown that the energy of a configuration with general charge vector is the sum of the special cases considered above. The final result for the energy of excitations with general charge vector therefore becomes: E = 1 2Q_1

( ⃗W_{F 1} + ⃗P )^2 + 1 2Q_5

( ⃗W_{D1} + ⃗W_{D3})^2 + 1 2Q_K ( ⃗W_D + ⃗W̃_D)^2 + + 1 2(Q_1 + Q_5 + Q_K )

(F_5 + P_5 + N_{12345})^2 . (4.7)

Microscopic units. So far we have used physical units where the charge is identical to the mass of an isolated brane and is denoted by a capital letter. The microscopic units instead count the number of branes and are denoted by lower-case letters. In these units the energy (4.7) becomes:

R_6E = 1 2q_1 ( w^{F 1}_i r_i + p^i r^i )_2 + 1 2q_5 ( w^{D1}_i r^i √ v_4 + ⃗w_{D3} √ v_4 r^i )_2 + 1 2q_k ( w^D_i e^i + w^i_{D̃} e^i )_2 + + 1 6q_1q_5q_k

(f_5q_5 + p^5q_k + n_{12345}q_1)^2 , (4.8)

where, in each of the first terms, a sum over the index i is implied after taking the square. The last term (containing the special U(1) charges) was rewritten using the fixed scalar equations (3.18)–(3.19). The r^i are radii of the compact dimensions in string units (i.e. r^i = R_i/l_s where l_s = √ α^′), v_4 ≡ r_1r_2r_3r_4, and e^i =^1√_{v4} (1, r_1r_2, r_1r_3, r_1r_4). It is important to note that the scale of the energy is set by the radius of the large dimension R_6.

The M5-background. It is straightforward to find the corresponding formulae for the three M5-branes intersecting over a line, e.g. using the duality (3.1). The result is: E = 1 2Q_{56} [ (Z_{13} + Z_{24})^2 + (Z_{14} + Z_{32})^2 + (P_5 + Q_{67})^2 + (P_6 + Q_{57})^2 ] + + 1 2Q_{12} [ (Z_{35} + Z_{46})^2 + (Z_{36} + Z_{54})^2 + (P_1 + Q_{27})^2 + (P_2 + Q_{17})^2 ] + + 1 2Q_{34} [ (Z_{15} + Z_{26})^2 + (Z_{16} + Z_{25})^2 + (P_3 + Q_{47})^2 + (P_4 + Q_{37})^2 ] + + 1 2(Q_{12} + Q_{34} + Q_{56})

(Z_{12} + Z_{34} + Z_{56})^2 , (4.9)

where Z_{ij} are the charges of the M2-branes wrapping the (ij) cycle, P_i is the momentum along R_i, and Q_{ij} denote five-branes transverse to the (ij) cycle. The intersecting M5 background makes the systematics of the energy formula clearer: the 3 special U(1) charges are the M2-branes that are “electric” duals of the “magnetic” background M5’s. The 8 U(1) charges that are weighted by a given background M5 (Q_{12}, Q_{34}, or Q_{56}) are the M2’s that do not share an index with the background M5; and KK-excitations and light M5’s that do. These statements translate into simple geometric relations.

4.2 Currents and lattices The purpose of this section is to take a first step towards an interpretation of the charged spectrum (4.8). The working assumption is that the spectrum arises as the 0-modes of affine currents in the underlying conformal field theory. The AdS/CFT correspondence [6], as implemented for AdS_3 in [27, 28, 29], shows that this is the correct interpretation for the perturbative currents; non-perturbative dualities then suggest that all currents arise in this way.

Consider the first three terms of (4.8). These terms have the structure of 12 U(1) currents in the right-moving sector, 4 currents at each level q_1, q_5, and q_k. Modular invariance of the CFT then requires a matching set of 12 left-moving currents with spectrum:

R_6E_L = 1 2q_1 ( w^{F 1}_i r_i − p^i r^i )_2 + 1 2q_5 ( w^{D1}_i r^i √ v_4 − ⃗w_{D3} √ v_4 r^i )_2 + 1 2q_k ( w^D_i e^i − w^i_{D̃} e^i )_2 . (4.10) Taken together, the right- and left-moving currents form a simple lattice of signature (12, 12). The right-moving currents are invariant under the duality T_{1234}; the leftmoving ones change sign. It is important to note that these results are reliable only in the semiclassical regime: there is no supersymmetry in the left-moving sector, so the formula (4.10) can not be interpreted as a BPS formula. It can therefore receive corrections; in particular, the levels may receive contributions at the subleading order in the background charge.

Next, we turn attention to the three “special” charges, appearing in the last line of (4.8). An important constraint on these is that the CFT has a global SU(2) × USp(6) symmetry [30]. The full set of charges transforms in the 27 of USp(8) which decomposes as (2, 6) ⊗ (1, 14) ⊗ (1, 1) under SU(2) × USp(6) . The global SU(2) acts on the supersymmetries, so the (2, 6) is identified with the 12 right-moving charges. More generally, the energy formula (4.8) is the extremality condition on the rightmoving charges. This identifies a specific linear combination of the special charges as right-moving; and we further note that this combination is the singlet (1, 1) under SU(2) × USp(6). At this point we have yet to account for the 12 left-moving currents with spectrum given in (4.10), and two linear combinations of the special charges. These must transform as (1, 14) under the SU(2)×USp(6) global symmetry and this property determines the spectrum of the special charges as:

R_6E^{spec}_L = 1 2q_1q_5q_k

(f_5q_5 − p_5q_k)^2 + 1 6q_1q_5q_k

(f_5q_5 + p_5q_k − 2n_{12345}q_1)^2 . (4.11)

The first term in this equation is the dual of the first term in (4.10), after the fixed scalar condition (3.18) is taken into account. This expresses the perturbative SO(5, 4) duality. The second term is determined as the linear combination of charges that are orthogonal both to the perturbative charges in the first term, and the USp(6) singlet; it must be normalized as the other elements in the 14 of USp(6). As a further check on (4.11), note that the total left moving weight is symmetric under triality of the charges, an obvious symmetry in the M-representation.

In addition to the 27 U(1) charges there is the bulk angular momentum of the dual black hole in five dimensions. This charge is interpreted in the CFT as a component of the SU(2) R-charge, with normalization fixed by the supersymmetry algebra [31, 32, 21]. The total spectrum of the “special” right-moving charges therefore becomes: R_6E^{spec}_R = 1 2q_1q_5q_k

J^2 + 1 6q_1q_5q_k

(f_5q_5 + p_5q_k + n_{12345}q_1)^2 . (4.12)

There is an obvious similarity between (4.11) and (4.12). This suggests that the special currents are incorporated into the (12, 12) lattice found previously so, altogether, the currents form a (14, 14) lattice.

There are two peculiar features of the spectrum of excitations (4.12) carrying the special charge: First of all, the normalization differs by a factor of two relative to the other currents (in particular the last term in (4.11)); secondly, although this special charge appears in the right-moving energy, it is associated to the graviphoton tower of supergravity on AdS_3 × S^2, which has the opposite chirality (it is leftmoving)^2 [30, 33]. Nevertheless, these results are dictated by BPS algebra and global symmetries.

2The latter fact appears to violate the rule of thumb that the singleton sector can be obtained by extending the range of the mode index in the KK tower.

4.3 Black hole entropy The excitations that we consider correspond at strong coupling to regular black holes. It is known that the microscopic (statistical) entropy of these black holes agrees with the Bekenstein-Hawking area formula, when only the scalar charge (momentum) is excited. It is interesting to generalize this agreement to the case where the additional U(1) charges are included as well. We carry out the computation in the type IIB background, on a rectangular torus. Some elements of the more general computation are discussed in appendix 4.5, and others are given in [5].

Conformal field theory. For a general background the central charge of the underlying CFT is proportional to the unique cubic invariant of E_{6(6)} that can be formed from the charge vectors in the fundamental representation 27. For the present purposes it is sufficient to consider the canonical F1/NS5/KK-monopole background; then the central charge is simply c = 6q_1q_5q_k.

The operators of the theory have left and right conformal weights h_{L,R} =^1_2 (ϵ±p_6) where ϵ is the total energy. In a sector with a specified U(1) charge vector the typical vertex operator can be written:

V_{tot} = V_{irr} V_{U(1)} , (4.13)

where V_{U(1)} carries the required U(1) charge and V_{irr} is neutral, but otherwise arbitrary. This shows how a part of the conformal weight is expended on exciting the U(1) charges. The unspecified neutral excitations provide the microscopic degeneracy. The corresponding “irreducible” conformal weights are:

h^{irr}_L = ϵ + p_6 2 − 1 4q_1

(⃗p − ⃗w_{F 1})^2 − 1 4q_5

( ⃗w_{D3} − ⃗w_{D1})^2 − 1 4q_k ( ⃗w_D − ⃗w~_D)^2 − − 1 4q_1q_5q_k

(f_5q_5 − p_5q_k)^2 − 1 12q_1q_5q_k

(f_5q_5 + p_5q_k − 2n_{12345}q_1)^2 (4.14)

h^{irr}_R = ϵ − p_6 2 − 1 4q_1

(⃗p + ⃗w_{F 1})^2 − 1 4q_5

( ⃗w_{D3} + ⃗w_{D1})^2 − 1 4q_k ( ⃗w_D + ⃗w~_D)^2 − − 1 12q_1q_5q_k

(f_5q_5 + p_5q_k + n_{12345}q_1)^2 − 1 4q_1q_5q_k

J^2 (4.15)

where contractions of vectors employ the appropriate moduli-dependent metric, given in section 4.1. The entropy is given in terms of the conformal weights as: S = 2π [√ ch^{irr}_L 6 + √ ch^{irr}_R 6 ] . (4.16)

This is a fairly intricate function of the various black hole parameters.

In the extremal limit the energy ϵ is determined such that h^{irr}_R = 0 so the entropy becomes: S = 2π √ q_1q_5q_kh^{irr}_{ext} . (4.17)

The left conformal weight can be written:

h^{irr}_{ext} = p_6 + 1 q_1 ⃗p · ⃗w_{F 1} + 1 q_5 ⃗w_{D3} · ⃗w_{D1} + 1 q_k ⃗w_D · ⃗w~_D + 1 4q_1q_5q_k

J^2 − (4.18)

− f^2_5 q_5 4q_kq_1

− p^2_5 q_k 4q_1q_5

− n^2_{12345} q_1 4q_kq_5 + 1 2q_1 f_5p_5 + 1 2q_k f_5n_{12345} + 1 2q_5 p_5n_{12345} .

Note that the signs are such that the last terms in this expression do not form a complete square.

The area formula. The entropy formula should be compared with the entropy that follows from the area of the corresponding macroscopic black holes. However, the classical solutions needed are difficult to construct, and the task has not been completed. The difficult features are those related to the special charges, i.e. the magnetic duals of the background charges. In the nonrotating case, a generating solution has been constructed which in principle contains the required data [34]. However, it is given in a form which makes the area formula hard to disentangle; for discussion and further references see [35]. In view of these problems we restrict ourselves to the BPS-limit h^{irr}_R = J = 0 where the black hole entropy is known on general grounds. It is [36]: S = π √ J_4 , (4.19) where J_4 is the quartic invariant of E_{7(7)}: −J_4 = x^{ij} y_{jk}x^{kl}y_{li} − 1 4 x^{ij}y_{ij} x^{kl}y_{kl} + 1 96 ϵ_{ijklmnop}(x^{ij} x^{kl}x^{mn}x^{op} + y^{ij}y^{kl}y^{mn}y^{op}) . (4.20) The invariant is written in the SO(8) formalism where the central charges can be immediately identified with wrapped branes [37]. In M-theory notation the map is x^{ab} = z^{ab}, x^{a8} = p̃^a, y_{ab} = q_{ab}, y_{a8} = p_a where the indices a, b, . . . = 1, . . . , 7. After specializing to the background with three M5’s intersecting over a line, with further U(1) charges turned on, this becomes:^3

J_4 = 4q_{12}q_{34}q_{56}p_7 + + 4q_{34}q_{56} [ q_{57}p_6 + q_{67}p_5 + z^{13}z^{24} + z^{14}z^{23} ] + + 4q_{34}q_{56} [ q_{17}p_2 + q_{27}p_1 + z^{35}z^{46} + z^{36}z^{45} ] + + 4q_{12}q_{56} [ q_{37}p_4 + q_{47}p_3 + z^{15}z^{26} + z^{16}z^{25} ] − − (q_{12}z^{12})^2 − (q_{34}z^{34})^2 − (q_{56}z^{56})^2 + + 2q_{12}z^{12}q_{34}z^{34} + 2q_{12}z^{12}q_{56}z^{56} + 2q_{56}z^{56}q_{34}z^{34} . (4.21)

The area formula (4.19), with the reduced quartic invariant (4.21), is identical to the microscopic expression (4.17) after dualities. This agreement gives some confidence that the conformal weights have been correctly identified also in the non-BPS case.

3The signs are not strictly in accord with (4.20). The convention in this paper is to assign brane (vs. anti-brane) numbers so that a maximal number of terms contribute positively to the entropy; this simplifies dualities.

4.4 Parity-odd moduli

The discussion of the spectrum of charged excitations so far assumed a choice of moduli corresponding to a rectangular torus. It is straightforward to generalize and take into account off-diagonal metric components on the compact space: simply contract indices using the general metric, subject to the fixed scalar conditions.

The parity-odd moduli are more interesting. They induce shifts in the U(1) charges that can be computed using the general rules given in eqs. (3.8). After specializing to the moduli that respect the effective five-dimensional structure these formulae show that the background charges and the charged excitations do not mix. The charged excitations shift via:

P̂_i = P_i + 1 2 C_{jki}Z^{jk} + ( 1 4! C_{jkl}C_{mni} + 1 5! E_{jklmni} ) Q^{jklmn} , Ẑ^{ij} = Z^{ij} + 1 3! C_{klm}Q^{klmij} , Q̂^{ijklm} = Q^{ijklm} . (4.22) The shifts in the background charges are compensated by changes in the fixed scalars. The net result is therefore that the spectrum of the charged excitations is modified by the parity-odd moduli through the shifts (4.22) of the U(1) charges, but with the background charges unmodified. This rule provides rather detailed information about the structure of the spacetime CFT.

4.5 General moduli and the charged excitations

The moduli dependence of the excitations can be investigated in more detail using the setup introduced in section 3.2. The discussion of the background given there is extended to the excitations by introducing the matrix expressions:

Z_o = p_1 p_3 p_5 z_{35} z_{15} z_{13} q_{17} q_{37} q_{57}

, (4.23)

Z_e = p_2 p_4 p_6 z_{46} z_{26} z_{24} q_{27} q_{47} q_{67}

, (4.24)

as well as:

Z_2 = z_{12} z_{32} z_{52} z_{14} z_{34} z_{54} z_{16} z_{36} z_{56}

. (4.25)

It is convenient to discuss the excitations of the type IIB background. Begin with the background consisting of z_{17}, q_{15}, and p̃_5. After M-reduction along R_1 and Tdualization to IIB along R_3, this becomes the canonical F1/NS5/KK-monopole background. We denote the circle dual to the M-theory 13 two-torus by R_B , so that the

T^4 has cycles B246. Then we can relabel the corresponding charge matrices as:

Z_o =

D1_B F 1_B p_5 D1_5 F 1_5 p_B N5_{B2465} D5_{B2465} D3_{246}

, (4.26)

Z_e = p_2 p_4 p_6 D3_{B46} D3_{B26} D3_{B24} D3_{546} D3_{526} D3_{524}

, (4.27)

as well as:

Z_2 =

F 1_2 D1_2 D3_{5B2} F 1_4 D1_4 D3_{5B4} F 1_6 D1_6 D3_{5B6}

. (4.28)

It is straightforward to find the map of the moduli as well.

As we have seen, the structure of the spectrum of excitations is that of winding/momentum charges on a triplet of independent T^4’s; in addition, there are three special charges. In the matrices above the Z^t_2 is, entry by entry, the winding dual to the momentum excitation Z_e, for three of the four cycles on the triplet of T^4’s; and:

Z_oΓ = p_5 F 1_B D1_B p_B F 1_5 D1_5 D3_{246} D5_{B2465} N5_{B2465}

, (4.29)

has the remaining three momentum-winding pairs (the pairing is under reflection across the diagonal), as well as the three special charges on the diagonal. The triality of the three T^4’s acts by:

Z_e → ΩZ_e , Z_2 → Z_2Ω^{−1} , Z_oΓ → ΩZ_oΓΩ^{−1} , (4.30)

where Ω is a permutation matrix. The fact that this operation permutes the special charges as well suggests that each of the three special charges should be associated with a particular T^4.

The spectrum. The half-BPS contribution to the masses of the excitations is:

R_6E_0 = 1 2 ( tr [ Z_oG^{−1}_o Z^t_oG_5 ] + tr [ Z_eG^{−1}_e Z^t_eΓG^{−1}_5 Γ ] + tr [ Z_2G_oZ^t_2G_e ]) . (4.31)

Specializing this expression to rectangular tori and exploiting the fixed scalar conditions, we recover appropriate denominators in the mass formula. For generic moduli there is not a meaningful concept of “levels”, i.e. integer denominaters in the mass formula. However, it follows from the discussion in section 3.6 that other specializations of the moduli, corresponding to SL(3, Z) transforms of the rectangular tori, likewise give simple denominators. That this also works out in the present formulae is a consequence of covariance under duality transformations.

The cross-terms in the mass formula come from 1/4-BPS and higher contributions and are independent of the moduli. They are determined as the expressions involving charges that transform in compatible ways and reduce appropriately in the special case of rectangular tori. The result:

R_6E_× = tr [ Z_2Q^{−1}_o Z_e ] + Z_o^{ia}Z_o^{jb} ( Γ(Q^t_o)^{−1} )_{ck} ϵ_{ijk}ϵ_{abc} + + triality permutations of (o, e, 2/5) , (4.32)

is invariant, independent of moduli, and has the appropriate denominators in the expected places. Finally, the quantity:

R_6E_{spec} =

(tr [Q^t_oΓZ_o + Q^t_eΓZ_e + Q^t_5Z_2])^2 6 (det Q_o + det Q_e + det Q_5)

, (4.33)

is the square of the sum of special charges, i.e. (p̃_5p_5 + n_{B2467}f_5 + f_7n_{B2465}) . Thus we can write, for example:

E_L = E_0 − 2E_× + E_{spec} , E_R = E_0 + 2E_× − 2E_{spec} . (4.34)

5. Is there an exactly solvable CFT in the moduli space?

In the AdS/CFT correspondence, it is extremely useful to find a point in the moduli space where the CFT is amenable to perturbative treatment, or even better, exactly solvable. For instance, invariants on the moduli space, such as the BPS spectrum and its degeneracy, quantum corrections to current algebra anomalies, etc., can be worked out explicitly. Thus one may ask whether the three-charge brane background we have been discussing admits an exactly solvable CFT in the moduli space.

Let us recall the structure of the symmetric product orbifold CFT that appears in the moduli space of the two-charge (e.g. D1-D5) brane background, given its remarkable similarity to the present problem. For T^4, the CFT in question is a sigma model on Sym^N (T^4)×(T̃^4×R̃ ×S̃^3), with N = q_1q_5; it describes a region in the moduli space that is naturally associated to background brane charges (q_1, q_5) = (N, 1). The other factors in the target space represent the zero modes of the diagonal U(1) in the U(q_1) × U(q_5) gauge theory on the D1- and D5-branes; the R̃ × S̃^3 part, representing motion transverse to the T^4, decouples and may be ignored in this instance. The CFT moduli space is H_N \ SO(5, 4)/ SO(5) × SO(4), with H_N the discrete subgroup of SO(5, 4; Z) that preserves the background charge vector [19, 5]. BPS considerations [5] and an analysis of the gravitational effective field theory [29] show the existence of a U(1)^8_L × U(1)^8_R current algebra; half of these come from the diagonal of the symmetric orbifold, half from the extra T̃^4. These currents are a part of the singleton sector of the CFT. Moduli deformations affect the CFT in two ways: First, they act as deformations of the T^4 components of the symmetric product orbifold (sixteen of the moduli are the metric and B-field of the individual T^4’s, and four are Z_2 twist operators); roughly speaking, the various twisted sectors realize supergravity in the bulk of AdS_3 × S^3. Secondly, the moduli act in the global, singleton sector via current-current interactions which deform the metric on the U(1)^{16} charge lattice. The spectrum of U(1) charged excitations in the symmetric orbifold, as well as other considerations, is sufficient to identify the symmetric orbifold locus in a corner of the moduli space that corresponds to canonical background charges (N, 1) [5]. Deformations away from this locus are a linear combination of the moduli of the symmetric product, and the current-current interactions.

The addition of KK monopoles to the background leads to a remarkably parallel structure to the moduli space, as we have seen. It is therefore tempting to speculate that there is again an exactly solvable point in the moduli space in the region corresponding to the canonical background charges (N, 1, 1). The near-horizon geometry of one KK monopole is the same as flat space; in particular, it does not deform the angular S^3 of the space transverse to the onebrane-fivebrane system. This leads one to suppose that the symmetric orbifold structure survives more or less intact.

The moduli space is now H_N \F_{4(4)}/ SU(2) × USp(6). In addition to the twenty moduli of the D1-D5 system, there are eight additional moduli; four of these come from the enlargement of the T-duality group from SO(4, 4) to SO(5, 4) (mixing the fibered circle of the KK monopole with the four-torus), and four more are RR moduli.^4 The spacetime CFT has twelve right-moving currents in the (2,6) of SU(2) × USp(6), and fourteen left-moving currents in the (1, 14). In the IIB description, these currents naturally fall into three sets of U(1)^4_L ×U(1)^4_R, together with two additional ‘special currents’ on the left. One of these sets of U(1)^4_L × U(1)^4_R corresponds to perturbative string momentum and winding (4.2), and is naturally associated with the one-brane background; another set (4.3) consists of D1- and D3- branes, and is naturally associated with the fivebrane background [29, 5] and the third set (4.4) is associated to the KK monopole background. We propose to again identify the first set of currents with the translation currents on the diagonal T^4 of the symmetric product Sym^N (T^4), while the other two sets are tentatively identified with two extra four-tori, denoted T̃^4 and T̂^4 (two (4,0) hypermultiplets are the minimal additional field content needed to realize these currents).

Fivebrane anomalies [38, 39] have terms linear and cubic in the brane charges. Since there is no constant term, the contribution to the anomaly in the SU(2) R-current coming from the extra T̃^4 × T̂^4 hypermultiplets must be cancelled; the simplest possibility is to add vectormultiplets, which might be thought of again as representing zero-modes of the bound state in the R × S^3 throat transverse to the four-torus.

4When the background charges are entirely NS.

One important problem is to realize the structure of the moduli space in this framework. The 28 moduli of F_{4(4)}/ SU(2) × USp(6) transform as a (2, 14^′) under SU(2) × USp(6). They again appear in two ways: As moduli of the symmetric product orbifold, and as current-current interactions. The T-duality group SO(5, 4) is manifestly realized in the symmetric orbifold, when we supplement the U(1)^4_L × U(1)^4_R translation currents on each individual four-torus with the J_3 component of the left-moving SU(2) R-symmetry.^5 The four Z_2 twist moduli that preserve the N = (4, 4) supersymmetry of the symmetric product may be supplemented with four more such moduli that only preserve N = (4, 0) supersymmetry. These moduli were identified in [5] by matching quantum numbers in the symmetric orbifold to those of the supergravity spectrum. One also needs to represent the effect of the moduli on the charged spectrum of the singleton sector. The marginal deformations of a set of U(1) currents are always of the form SO(p, q)/ SO(p) × SO(q); therefore, the F_{4(4)}/ SU(2) × USp(6) local geometry of the moduli space must, as far as the singleton sector is concerned, embed in such a structure. Indeed, F_{4(4)} embeds in SO(12, 14) via the 26, while SU(2) × USp(6) embeds in SO(12) via the (2, 6) and in SO(14) via the (1, 14). Note that (2, 6) ⊗ (1, 14) ⊃ (2, 14^′); there is a unique projection of the current bilinears onto the appropriate subspace of SO(12, 14).

Clearly T^4_{diag} × T̃^4 × T̂^4 realizes an SO(12, 12) structure; but one must identify two more left-moving currents to fill out the 14 of USp(6). From (4.10), one current is (momentum/winding) of perturbative strings on the KK monopole circle. The SO(5, 4) T-duality group mixes this current with the analogous ones on T^4. Under T-duality, one has the decomposition:

F_{4(4)} → SO(5, 4) → SO(5) × SO(4) 26 9 + 16 + 1 [(5; 1, 1) + (1; 2, 2)] + + [(4; 1, 2) + (4; 2, 1)] + (1; 1, 1) .

The natural realization of SO(5, 4) on the global modes of the candidate CFT mixes the diagonal T^4 translation currents with the overall J^3_L of the symmetric product; this accounts for the first line in the last column. The second pair of representations in brackets consists of the translation currents of T̃^4 × T̂^4; the remaining singlet must be made from some left-moving current, since it is the last element of the 14. Note that the T-duality SO(5, 4) naturally embeds in the SO(8, 8) T-duality group of T̃ 4 × T̂ 4 via the spinor representation (i.e. the sixteen translation currents transform as the vector of SO(8, 8) and the spinor of SO(5, 4)). This is precisely the way in which D-brane charges transform under T-duality. The SO(5, 4) structure is thus manifestly realized in the candidate CFT.

5Indeed, it is precisely this quantum number that is affected by the asymmetric orbifold which introduces KK monopole charge in pertubative string descriptions [40, 15, 10].

Modular invariance suggests completion of the signature (12,14) lattice transforming under F_{4(4)}, to a (14,14) lattice as explained in section 4.2; the extra charges are the special BPS charge (4.4), and the SU(2)_R R-charge. The latter is natural, since it contains the right-moving partner of J^3_L, the current of translations on the KK monopole circle. A puzzling feature of the spectrum derived in section 4.2 is the difference in left- and right-moving levels, which is an invariant on the moduli space. The contribution of the charges to this difference is:

Q^2_R − Q^2_L = 1 q_1

(p^iw_i) + 1 q_5

(w^{D1}_i w^i_{D3}) + 1 q_k (w^D_i w^i_{D̃}) + + 1 4q_1q_5q_k [ J^2 − (q_kp_5)^2 − (q_5w^5)^2 − (q_1n_{12345})^2 +

+ 2(q_5q_k)p_5w^5 + 2(q_kq_1)p_5n_{12345} + 2(q_1q_5)w^5n^{12345} ] . (5.1)

Matching this structure places strong constraints on the spacetime CFT, and in particular the currents that remain to be identified in the proposed candidate — the current that couples to the special BPS charge on the right, and the last member of the 14 on the left.

In the (4, 4) theory — the D1/D5-system — the BPS states of the symmetric product orbifold match those of the KK towers of the effective 6d supergravity on AdS_3 × S^3 [41, 30, 33]. The SU(2) R-symmetry current algebra quantum numbers label the spherical harmonics on S^3. The 5d supergravity on AdS_3 × S^2 that results when KK monopoles are added to the background is simply the truncation of this spectrum to J^3_L=0, in the sector with vanishing momentum along the KK fiber circle. Deformation in the moduli space away from the (N, 1, 1) corner will ‘squash’ the S^3, so that by the time one is in a region with a valid low-energy supergravity interpretation, the states carrying momentum J^3_L on the monopole circle will be much heavier that those with J^3_L = 0. Note that the squashing of the three-sphere will act as well on the two vectormultiplets describing the R ×S^3 throat transverse to the four-torus parametrized by the hypermultiplets, suggesting that the last element of the left-moving 14 should also involve the bosonic SU(2) WZW currents.

There are other requirements on the spacetime CFT. One can analyze the F1- NS5-KK monopole background in global coordinates on AdS_3 [10], using the perturbative string techniques of [27].^6 At least a subset of the BPS spectrum should be realized in this framework [19]. In [10], BPS states carrying the quantum numbers of perturbative strings with winding and momentum on the KK monopole circle (parametrized by x^5) were identified; these have dimension h_R = j_R = j^3_R and carry oscillator excitation level N_{osc} = p_5w^5, and thus their degeneracy is exponential in √ p_5w^5.

6Note that this approach describes the background only on singular loci, and for q_k > 1, a rather different subspace of the moduli space; hence one can only safely compare invariant quantities such as BPS spectra.

Thus far, we have not been able to find a suitable modification of the candidate Sym^N (T^4) × (T̃^4 × R̃ × S̃^3) × (T̂^4 × R̂ × Ŝ^3) CFT meeting all the above requirements. The crucial missing ingredient is an identification of the proper linear combination of the many available currents which realizes the structure of the ‘special’ charges p_5, w^5 and n_{12345}.

Comments on K3. Finally, we should remark on the differences between compactification on T^4 and K3. For D1-D5 bound states on K3, there was rather little difference; the extra T̃^4 was simply replaced by an extra factor in the symmetric product, and the duality group was still sufficient to place all brane charges (q_1, q_5) with the same product N = q_1q_5 within the same moduli space. The addition of KK monopoles to the mix yields a difference; the duality group is no longer sufficient to map all brane charges to (N, 1, 1) — there is no duality that mixes the KK monopole charge with the other two, as there is in a T^4 compactification. This is reflected in the presence of a linear term q_k(q_1q_5 + 2) in the anomaly of the R-current. A consequence is that one expects to have the possibility of an exactly solvable point in the moduli space only for q_k = 1.

The 5d supergravity on AdS_3 × S^2 × (S^1 × K3) inherits 22 vectors from tensor multiplets of IIB on K3, two from each of the two gravitino multiplets, and one additional vector (the graviphoton) from the supergravity multiplet [42]. The moduli space is locally SO(21, 4)/ SO(21) × SO(4), with the charges transforming as (1, 21) ⊕ (2, 2) ⊕ 2(1, 1) under SO(4) × SO(21). The first two consist of the (4,20) lattice of D1/D3/D5-branes wrapping the monopole circle and cycles of K3, together with one linear combination of the special charges; one singlet is the other combination of special charges coupling to a left-moving current; and the remaining singlet is the special BPS charge dual to the brane background, which couples to a right-moving current. Adding the R-current, the lattice has signature (6, 22). The four multiplets of charges each have components in common with the toroidal case; so global symmetries, and the discussion of the latter case in this paper, combine to ensure that all the charges are associated to currents.

Acknowledgments

We thank D. Kutasov for helpful discussions. This work was supported by DOE grant DE-FG02-90ER-40560 and FL was further supported by a Robert R. Mc- Cormick Fellowship. FL thanks the theory group at the University of Michigan in Ann Arbor and the ITP at the University of California in Santa Barbara for hospitality.

A. Derivation of a BPS mass formula

The computation in this appendix follows [23]; see also the appendix of [5].

The supersymmetry algebra in M-theory leads to the eigenvalue equation for the central charges: [ CΓ^M P_M + 1 2 CΓ_{MN} Z^{MN} + 1 5! CΓ_{MNP QR}Q^{MNP QR} ] ϵ = 0 . (A.1)

The central charges Z_{MN} and Q^{MNP QR} ≡^1_2 ϵ^{MNP QRST} Q_{ST} are the M2- and M5-brane charges; the P_M are the momenta, in particular P_0 is the mass M that we want to compute. The spinorial eigenvector of the preserved supersymmetry is denoted ϵ, and the metric is mostly plus.

We choose the background as the three M5-branes intersecting over a line, and want to consider any configuration of U(1) charges. Writing out the eigenvalue equation in terms of individual charges yields an expression that is lengthy and not illuminating. Motivated by the qualitative considerations in the main text, the charges can be divided into various groups (see table 1) We consider first the terms that correspond to the third line in the table, that is a single background M5 and 8 specific U(1) charges. The eigenvalue equation becomes:

λ_3 = Q_{56}Γ^{012347} + [ Γ^{05}P_5 + Γ^{06}P_6 + Γ^{012346}Q_{57} + Γ^{012345}Q_{67} ] + + [ Γ^{013}Z_{13} + Γ^{024}Z_{24} + Γ^{013}Z_{14} + Γ^{013}Z_{23} ] , (A.2)

which is understood as an operator equation acting on the spinor ϵ. The three terms on the right hand side are mutually anti-commuting, so the square of the equation becomes:

λ^2_3 = Q^2_{56} + [ Γ^{05}P_5 + Γ^{06}P_6 + Γ^{012346}Q_{57} + Γ^{012345}Q_{67}

]_2 + + [ Γ^{013}Z_{13} + Γ^{024}Z_{24} + Γ^{013}Z_{14} + Γ^{013}Z_{23}

]_2

= Q^2_{56} + (P_5 + Q_{67})^2 + (P_6 + Q_{57})^2 + (Z_{13} + Z_{24})^2 + (Z_{14} + Z_{32})^2 . (A.3)

In the computation leading to the second expression we took Γ^{1234} = 1, thus removing all operators. We can therefore take an ordinary square root, and then expand the result according to the hierarchy between the charges. This gives:

λ_3 ≃ Q_{56} + 1 2Q_{56} [ (P_5 + Z_{67})^2 + (P_6 + Z_{57})^2 + (Z_{13} + Z_{24})^2 + (Z_{14} + Z_{32})^2 ] . (A.4)

level M2 KK M5 Q_{12} Z_{35}, Z_{46}, Z_{36}, Z_{45} P_1, P_2 Q_{17}, Q_{27} Q_{34} Z_{15}, Z_{26}, Z_{16}, Z_{25} P_3, P_4 Q_{37}, Q_{47} Q_{56} Z_{13}, Z_{24}, Z_{14}, Z_{23} P_5, P_6 Q_{57}, Q_{67} Q_{12} + Q_{34} + Q_{56} Z_{12}, Z_{34}, Z_{56} Table 1: ??? which caption ???

An analogous computation can be carried out for the charges in the first and second line of the table, yielding eigenvalues λ_1 and λ_2, respectively, after imposing the conditions Γ^{3456} = 1 and −Γ^{1256} = Γ^{1234}Γ^{3456} = 1. Now note that the terms arising from any of the first three lines of the table commute with those coming from the others, in particular Γ^{1234}, Γ^{3456}, and Γ^{1256} mutually commute. Therefore the involved matrices are simultaneously diagonalisable or, in other words, the full result is simply the sum of three terms of the form (A.4).

At this point we need to include also the three “special” U(1) charges that appear in the fourth line of the table. Let us consider these together with the background, without other U(1) charges present. The eigenvalue problem becomes:^7

μ = Q_{12}Γ^{034567} − Q_{34}Γ^{012567} + Q_{56}Γ^{012347} + Z_{12}Γ^{012} − Z_{34}Γ^{034} + Z_{56}Γ^{056} . (A.5)

The first three and the last three terms commute between themselves, but these two groups anticommute with each other. The square therefore gives:

μ^2 = (Q_{12} + Q_{34} + Q_{56})^2 + (Z_{12} + Z_{34} + Z_{56})^2 , (A.6)

for Γ^{1234} = Γ^{3456} = −Γ^{1256} = 1. This is an exact expression for the mass, when only the background and the three special U(1) charges are turned on. In the scaling limit it becomes:

μ ≃ Q_{12} + Q_{34} + Q_{56} +

(Z_{12} + Z_{34} + Z_{56})^2 2(Q_{56} + Q_{12} + Q_{34})

. (A.7)

The transformations that diagonalize the eigenvalue problems for λ_{1,2,3} commute with each other, as remarked above, but they do not in general have a simple relation to the eigenvalue problem for μ. However, to the order we compute the eigenvectors of the undisturbed background solve all the eigenvalue problems considered; and this is sufficient to guarantee that the various partial results can be added without inducing further crossterms. The final result for the mass is therefore:

M ≃ Q_{12} + Q_{34} + Q_{56} + + 1 2Q_{12} [ (P_1 + Q_{27})^2 + (P_2 + Q_{17})^2 + (Z_{35} + Z_{46})^2 + (Z_{36} + Z_{5E4})^2 ] + + 1 2Q_{34} [ (P_3 + Z_{47})^2 + (P_4 + Q_{37})^2 + (Z_{15} + Z_{62})^2 + (Z_{16} + Z_{25})^2 ] + + 1 2Q_{56} [ (P_5 + Q_{67})^2 + (P_6 + Q_{57})^2 + (Z_{13} + Z_{24})^2 + (Z_{14} + Z_{32})^2 ] + + (Z_{12} + Z_{34} + Z_{56})^2 2(Q_{12} + Q_{34} + Q_{56})

. (A.8)

This is the formula needed in the main text.

7The signs of Q_{34} and Z_{34} have been flipped relative to (A.1) so that the background charges can be taken positive. Below Q_{37} and Q_{47} will be similarly flipped.

In the considerations relating to black hole entropy we need a couple of refinements. First, it is customary to include the scalar charge, i.e. the momentum P_7 along the R_7 direction. The resulting term in the eigenvalue equation commutes with all the background terms and anticommuetes with all the terms from the U(1) charges. Additionally, the P_7 is small in the scaling limit, of order l^0_p, so cross-terms between the scalar charge and the U(1) charges are negligible. These facts are sufficient to ensure that P_7 can be included in (A.8) by simple addition.

Next, we want to derive the conformal weight of the left-movers. Roughly, this amounts to the substitution ϵ → Γ^7ϵ, flipping the eigenvalue of the momentum; alternatively one might flip the five-brane numbers by taking the opposite quantum numbers for Γ^{1234}, Γ^{3456}, and Γ^{1256}. Either way there is a problem, because the eigenvalues of the Γ-matrices are not independent. The physical origin of the problem is that the present theory is chiral, with (4, 0) supersymmetry. The conformal weight of the left-movers is therefore not given by supersymmetry alone. This contrasts with the treatment of the D1 − D5 system in [5], where the (4, 4) supersymmetry was exploited to deduce both the right-moving and the left-moving weights. In the main text we find the left-moving weights using global symmetries.

References

[1] J.M. Maldacena, Black holes and D-branes, Nucl. Phys. 61A (Proc. Suppl.) (1998) 111 [hep-th/9705078].

[2] A.W. Peet, The Bekenstein formula and string theory (N-brane theory), Class. and Quant. Grav. 15 (1998) 3291 [hep-th/9712253].

[3] D. Youm, Black holes and solitons in string theory, Phys. Rep. 316 (1999) 1 [hep-th/9710046].

[4] A. Strominger and C. Vafa, Microscopic origin of the Bekenstein-Hawking entropy, Phys. Lett. B 379 (1996) 99 [hep-th/9601029].

[5] F. Larsen and E. Martinec, U(1) charges and moduli in the D1-D5 system, J. High Energy Phys. 06 (1999) 019 [hep-th/9905064].

[6] O. Aharony, S.S. Gubser, J.M. Maldacena, H. Ooguri and Y. Oz, Large-N field theories, string theory and gravity, hep-th/9905111.

[7] S. Hyun, U-duality between three-dimensional and higher dimensional black holes,

hep-th/9704005.

[8] H.J. Boonstra, B. Peeters and K. Skenderis, Duality and asymptotic geometries, Phys.

Lett. B 411 (1997) 59 [hep-th/9706192].

[9] A. Strominger, Black hole entropy from near horizon microstates, J. High Energy Phys. 02 (1998) 009 [hep-th/9712251].

[10] D. Kutasov, F. Larsen and R.G. Leigh, String theory in magnetic monopole backgrounds, Nucl. Phys. B 550 (1999) 183 [hep-th/9812027].

[11] V. Balasubramanian and F. Larsen, Near horizon geometry and black holes in four dimensions, Nucl. Phys. B 528 (1998) 229 [hep-th/9802198].

[12] I.R. Klebanov and A.A. Tseytlin, Intersecting M-branes as four-dimensional black holes, Nucl. Phys. B 475 (1996) 179 [hep-th/9604166].

[13] V. Balasubramanian and F. Larsen, On D-branes and black holes in four-dimensions, Nucl. Phys. B 478 (1996) 199 [hep-th/9604189].

[14] M. Cvetič and D. Youm, Dyonic BPS saturated black holes of heterotic string on a six torus, Phys. Rev. D 53 (1996) 584 [hep-th/9507090].

[15] M. Cvetič and A. Tseytlin, General class of BPS saturated dyonic black holes as exact superstring solutions, Phys. Lett. B 366 (1996) 95 [hep-th/9510097].

[16] E. Cremmer and B. Julia, The SO(8) supergravity, Nucl. Phys. B 159 (1979) 141 [17] L. Andrianopoli, R. D’Auria and S. Ferrara, Five dimensional U-duality, black-hole entropy and topological invariants, Phys. Lett. B 411 (1997) 39 [hep-th/9705024].

[18] H. Lu, C.N. Pope and K.S. Stelle, Multiplet structures of BPS solitons, Class. and Quant. Grav. 15 (1998) 537 [hep-th/9708109].

[19] N. Seiberg and E. Witten, The D1/D5 system and singular CFT, J. High Energy Phys. 04 (1999) 017 [hep-th/9903224].

[20] J.M. Maldacena, The large-N limit of superconformal field theories and supergravity, Adv. Theor. Math. Phys. 2 (1998) 231 [hep-th/9711200].

[21] R. Dijkgraaf, E. Verlinde and H. Verlinde, Counting dyons in N = 4 string theory, Nucl. Phys. B 484 (1997) 543 [hep-th/9607026].

[22] J.M. Maldacena, The large-N limit of superconformal field theories and supergravity, Adv. Theor. Math. Phys. 2 (1998) 231 [hep-th/9711200].

[23] N.A. Obers and B. Pioline, U-duality and M-theory, Phys. Rep. 318 (1999) 113 [hep-th/9809039].

[24] S. Ferrara and R. Kallosh, Universality of supersymmetric attractors, Phys. Rev. D 54 (1996) 1525 [hep-th/9603090].

[25] L. Andrianopoli, R. D’Auria and S. Ferrara, U-invariants, black-hole entropy and fixed scalars, Phys. Lett. B 403 (1997) 12 [hep-th/9703156].

[26] J.M. Maldacena, J. Michelson and A. Strominger, Anti-de Sitter fragmentation, J.

High Energy Phys. 02 (1999) 011 [hep-th/9812073].

[27] A. Giveon, D. Kutasov and N. Seiberg, Comments on string theory on AdS_3, Adv.

Theor. Math. Phys. 2 (1998) 733 [hep-th/9806194].

[28] J. de Boer, H. Ooguri, H. Robins and J. Tannenhauser, String theory on AdS_3, J.

High Energy Phys. 12 (1998) 026 [hep-th/9812046].

[29] D. Kutasov and N. Seiberg, More comments on string theory on AdS_3, J. High Energy Phys. 04 (1999) 008 [hep-th/9903219].

[30] F. Larsen, The perturbation spectrum of black holes in N = 8 supergravity, Nucl. Phys.

B 536 (1998) 258 [hep-th/9805208].

[31] J.C. Breckenridge, R.C. Myers, A.W. Peet and C. Vafa, D-branes and spinning black holes, Phys. Lett. B 391 (1997) 93 [hep-th/9602065].

[32] G.T. Horowitz, D.A. Lowe and J.M. Maldacena, Statistical entropy of nonextremal four-dimensional black holes and U duality, Phys. Rev. Lett. 77 (1996) 430 [hep-th/9603195].

[33] J. de Boer, Six-dimensional supergravity on S^3 × AdS_3 and 2D conformal field theory, Nucl. Phys. B 548 (1999) 139 [hep-th/9806104].

[34] M. Cvetič and D. Youm, All the static spherically symmetric black holes of heterotic string on a six torus, Nucl. Phys. B 472 (1996) 249 [hep-th/9512127].

[35] M. Cvetič and I. Gaida, Duality invariant nonextreme black holes in toroidally compactified string theory, Nucl. Phys. B 505 (1997) 291 [hep-th/9703134].

[36] R. Kallosh and B. Kol, E_7 symmetric area of the black hole horizon, Phys. Rev. D 53 (1996) 5344 [hep-th/9602014].

[37] V. Balasubramanian, F. Larsen and R.G. Leigh, Branes at angles and black holes, Phys. Rev. D 57 (1998) 3509 [hep-th/9704143].

[38] J.M. Maldacena, A. Strominger and E. Witten, Black hole entropy in M-theory, J.

High Energy Phys. 12 (1997) 002 [hep-th/9711053].

[39] J.A. Harvey, R. Minasian and G. Moore, Non-abelian tensor multiplet anomalies, J.

High Energy Phys. 09 (1998) 004 [hep-th/9808060].

[40] S.B. Giddings, J. Polchinski and A. Strominger, Four-dimensional black holes in string theory, Phys. Rev. D 48 (1993) 5784 [hep-th/9305083].

[41] J.M. Maldacena and A. Strominger, AdS_3 black holes and a stringy exclusion principle, J. High Energy Phys. 12 (1998) 005 [hep-th/9804085].

[42] A.C. Cadavid, A. Ceresole, R. D’Auria and S. Ferrara, Eleven-dimensional supergravity compactified on Calabi-Yau threefolds, Phys. Lett. B 357 (1995) 76 [hep-th/9506144].